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Abstract The research proposed in this paper focuses on the dynamic evolution of a 
hydraulic-mechanical-electric system under the effect of randomly fluctuating speed. The rapid 
growth of installed wind power capacity may potentially affect the stability of power grids, causing 
larger fluctuations of the generator speed to hydropower stations. In this work, a probabilistic 
component is associated to the generator speed of a deterministic hydraulic-mechanical-electric 
system providing a novel random model. This latter is analyzed to investigate the dynamic evolution 
of the system adopting the Chebyshev polynomial approximation method. A careful comparison of 
the numerical application results obtained by the deterministic and the probabilistic approaches is 
carried out. In addition, the influence of the fluctuation intensity (D) on the differential gain (kd) of 
the PID is investigated, proposing a law for kd as function of D. Finally, the operating ranges of the 
grid water hammer and of the elastic water hammer models are compared in order to validate the 
consistence of the law. The results of the study provide robust bases for the stable and safe operation 
of hydropower stations. 
Key words: vibration characteristics; hydraulic-mechanical-electrical system; randomly fluctuating 
generator speed; elastic water hammer; Chebyshev polynomial approximation; 
1. Introduction 
Over the last decades, the hydropower sector has experienced a rapid development in China, 
with the constructions of power stations in every corner of the country, reaching an installed 
capacity of ten hundred million kilowatts [1-4]. Furthermore, according to the 2014 plan agreed by 
most international hydropower industries, the construction of new hydropower installations will be 
promoted in order to double the worldwide installed capacity within the next thirty years [5, 6]. Due 
to this rapid expansion, the reliability and safety of such installations have nourished the concerns of 
the public opinion as well as of the regulators [7-12]. In particular, the 
hydraulic-mechanical-electrical system is a crucial component which plays an essential role for the 
safety of individual installations and can hence affect the stability of the whole electric power grid. 
Therefore, the analysis of the stability of hydraulic-mechanical-electric systems is a high-priority 
topic of research. In spite of this, the scientific literature in this field is still quite limited. Studies 
focusing on hydraulic-mechanical-electric systems can be roughly classified in two groups. The first 
focuses on the grid water hammer theory, aiming at establishing deterministic models for the 
hydraulic-mechanical-electric system [13-16]. This approach is suitable to describe the dynamic 
evolution of hydropower stations with short penstocks characterized by uniform geometry. The 
works belonging to the second group adopt the elastic water hammer theory for the definition of the 
determinist model [17-25]. This approach is used to accurately analyze the dynamic characteristics 
of hydropower stations with long penstocks and allows to take into account eventual shape changes 
in the geometry of the penstock. 
In addition to water power, renewable energy includes solar, wind, geothermal or tidal power 
amongst others [26-31]. Moreover, as highlighted by the last Global Wind Energy Outlook, the wind 
power sector has grown rapidly over the last decades in terms of both technological and commercial 
competitiveness: this is expected to result in an installed capacity of nearly 2 TW by 2030, supplying 
between 16.7% and 18.8% of global electricity [32]. Obviously, this trend may potentially affect the 
stability of power grids, leading to larger random fluctuations of hydro-turbine generators speed 
[33-36]. High-intensity random fluctuations can lead to the breaking of the torque balance of 
hydro-turbine generator units and hence threaten its operating stability. Lots of studies have focused 
on the increasing randomness of power grid. Therefore, the increasing generation capacity of wind 
power installations introduces new important challenges to the stable operation of hydropower 
stations of any size.  
At light of this, our work proposes a novel approach to the stability analysis of the 
hydraulic-mechanical-electric system with respect to the existing literature. First, a probabilistic 
component u is integrated with the generator speed w , obtaining a novel probabilistic model of the 
hydraulic-mechanical-electric system. Second, by comparing the dynamic evolutions of the 
deterministic and probabilistic approaches, the advantages and drawbacks of each method are 
identified. Third, a mathematical definition of the differential gain kd for the PID in function of the 
fluctuation intensity D is proposed. Finally, the consistence of such definition is verified through a 
numerical application. 
The content of this paper is organized as follows: Section 2 presents the nonlinear probabilistic 
model of the hydraulic-mechanical-electric system. Numerical simulations along with detailed 
analysis of the results obtained are presented in Section 3. Conclusive remarks and discussions are 
included in Section 4.  
2. Nonlinear random models of hydraulic-mechanical-electric systems 
The hydraulic-mechanical-electric system considering the elastic water hammer model adopted 
in this study is shown in Eq. (1): 
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Details about the parameters in Eq. (1) can be found in Ref. [24]. 
 
Fig. 1 Evolution in time of generator speed fluctuation  
 According to the nature of the fluctuation affecting the generator speed, two different types can 
be identified: the first refers to a limited range, of about 49.5~50.5 r/min, as shown in Fig. 1 for 
values of time t lower than 120 s. This type of fluctuation is difficult to detect from the generator 
running sound due to the negligibility of the associated noise compared to that of the operating 
environment. The second type refers to fluctuations within the range 49.5~50.5 r/min, as shown in 
Fig. 1 for time values t higher than 120 s. Both the types of identified fluctuation have the potential 
to break the dynamic balance of torques between the hydro-turbine and the generator. In light of this, 
a probabilistic representation of the torque caused by the speed fluctuation is essential to obtain the 
state-space representation of the generator speed. Let Duw  be the random torque, then the 
generator speed can be written as: 
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where u is the random variable introduced in this study. Its probability density function, shown in 
Fig. 2, can be described as [37] 
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Fig. 2 The diagram of the probability density function ( )p u . 
Chebyshev polynomial approximation is used to simplify the probabilistic model of the 
hydraulic-mechanical-electric system. Such approximation can be presented as: 
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Its recurrence relation is 
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According to the approximation theory of orthogonal polynomials and the above analysis, the 
random variables of the system can be written as 
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where N is the maximum number of Chebyshev polynomials; ( )
1
1 11
( ) ( ) ( , ) ( )iix t p u x t u U u du
+
-
= ò ; 
( )
1
2 21
( ) ( ) ( , ) ( )iix t p u x t u U u du
+
-
= ò ; ( )
1
3 31
( ) ( ) ( , ) ( )iix t p u x t u U u du
+
-
= ò ; 
1
1
( ) ( ) ( , ) ( )i it p u t u U u dud d
+
-
= ò ; 
1
1
( ) ( ) ( , ) ( )i it p u t u U u duw w
+
-
= ò ; 
1
1
( ) ( ) ( , ) ( )i iy t p u y t u U u du
+
-
= ò ; 
1
4 41
( ) ( ) ( , ) ( )i i ix t p u x t u U u du
+
-
= ò . 
At light of this, the random state-space equations of the hydraulic-mechanical-electric system can be 
rewritten as: 
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From Eq. (5), the following relationship can be obtained: 
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where 1w- =0, and 1Nw + =0. 
Replacing Eq. (10) into Eq. (8), the probabilistic model of the system can be written as: 
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Let us multiply the above system of equations by ( )iU u . Considering the mathematical expectation 
with regard to the random variable u on both sides of Eq. (11), and setting i=0, 1, 2, 3, and 4, the 
initial probabilistic model can be approximated by the system in Eq. (12): 
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The formula of the mathematical expectation of the electromagnetic torque 'eP  can be then 
written as: 
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Finally, the average response can be evaluated according to the Eq. (12): 
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3. Numerical simulations 
 The proposed model has been applied to a case-study in order to prove the efficiency and 
consistency of the approach. The values adopted for the parameters involved in the computation 
have been selected within realistic ranges: the rated generator speed is sw =314; the inertia time 
constant of the hydro-turbine generator unit is abT =8.0; the damping factor of the generator is 
Dt=0.5; the transient internal voltage of the armature is 'qE =1.35; the direct axis transient reactance 
is 'dx å =1.15; the quadrature axis reactance is 
'
qx å=1.474; the major relay connecter response time is 
yT =0.1 and the bus voltage at infinity is sV =1.0. The first-order partial derivative value of flow rate 
with respect to water head is qhe =0.5; the first-order partial derivative value of torque with respect 
to wicket gate is ey=1.0; the intermediate variable is e=0.7; the length of the phase of the water 
hammer wave is Tr=1.0; the elastic time constant of the penstock is hw=2.0; the reference input is 
r=0; the proportional gain of the PID controller is kp=2 and the integral gain of the PID controller 
ki=1.  
The initial values of the deterministic model of the hydraulic-mechanical-electric system (1) are 
[x1(0), x2(0), x3(0), (0)d , (0)w , y(0), x4(0)]=[0.001, 0.001, 0.001, 0.001, 0.001, 0.001, 0.001]. 
Similarly, the initial values of the random hydraulic-mechanical-electric system (11) are  
[x10(0), x20(0), x30(0), 0 (0)d , 0 (0)w , y0(0), x40(0)]=[0.001, 0.001, 0.001, 0.001, 0.001, 0.001, 0.001], 
and [x1i(0), x2i(0), x3i(0), (0)id , (0)iw , yi(0), x4i(0)]=[0, 0, 0, 0, 0, 0, 0] (i=0, 1, 2, 3, 4). 
3.1 Global Sensitivity 
 Global sensitivity aims to find sensitive factors defining as parameters which have important 
effect on system outputs. In this subsection, global sensitivity to generator speed is performed, and 
the calculation result is shown in Fig. 3. Parametric uncertainties in the established model are shown 
in Tab. 1. 
Tab. 1 Specifications of parametric uncertainties. 
Definition Symbol Average Standard Distribution 
Partial derivative of the flow with turbine speed eqh 0.5 0.01 Normal 
Partial derivative of turbine torque with guide vane ey 0.03 0.01 Normal 
Partial derivative of the flow with guide vane eqy 0.2 0.01 Normal 
Partial derivative of torque with turbine speed eh 0.18 0.01 Normal 
Damping factor of generator rotor Dt 0.5 0.01 Normal 
Transient internal voltage of the armature Eq 1.35 0.1 Normal 
the rated generator speed ω0 314 100 Normal 
Inertia time constant of the generator unit Tab 8 0.5 Normal 
Direct axis transient reactance xd 1.15 0.01 Normal 
Quadrature axis reactance xq 1.474 0.01 Normal 
Major relay connecter response time Ty 0.1 0.001 Normal 
Bus voltage at infinity Vs 1 0.01 Normal 
Length of the phase of water hammer wave Tr 1 0.01 Normal 
Elastic time constant of the penstock hw 2 0.01 Normal 
Proportional adjustment coefficient kp 2 0.01 Normal 
Integral adjustment coefficient ki 1 0.01 Normal 
Differential adjustment coefficient kd 2 0.06 Normal 
Random intensity D 0.08 0.0003 Normal 
Control signal r 0.01 0.003 Normal 
 
Fig. 3 Sensitivity analysis results of the generator speed. 
 From Fig. 3 for the generator speed, the sensitive value of control signal r is obviously larger 
than other parameters. In actual operating, control signal r provides a standard for generator speed, 
and the aim of the hydraulic generating system is regulating the guide vane opening to guarantee the 
generator speed changing in the required interval. Hence, control signal r playing the most sensitive 
parameter is very reasonable. The impact ranges of parameters in the model are summarized, which 
are r > Vs > Tab >Dt > eh > D > ki > Tr > kp > xd > eqy > Eq > Ty > eqh > hw > kd > xq > w0 > ey. 
3.2 Dynamic evolution with different values of random intensity D 
In this section, the differences between the dynamic evolution process of the generator speed w  
computed with the deterministic (1) and a probabilistic approach (11) are investigated. Let the 
differential gain of the PID controller kd vary between 0 and 6. According to the assumption, the 
dynamic evolution process of the generator speed w  can be obtained adopting the deterministic 
approach of Eq. (1): the results of such analysis are shown in Fig. 4(a). Similarly, Fig. 4(b) shows 
the results obtained adopting the probabilistic approach of Eq. (11) with regard to the generator 
speed. When the level of the random intensity D is 0.01, the dynamic evolution process of the 
generator speed w  along with increasing differential gain values kd, assuming a random intensity D 
equal to 0.01. 
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(a) Responses of the deterministic system (1)    (b) D=0.01 
Fig. 4 The dynamic evolution process of the generator speed w  for the deterministic approach of 
Eq. (1) and the probabilistic approach shown in Eq. (11), with D=0.01 and differential gain kd 
increasing from 0 to 6. 
 As Fig. 4(a), for kd varying between 0 and 6, the results of the deterministic approach highlight 
five operating states associated with the dynamic evolution process of the generator speed w : a 
random vibration state for generator speed w  within the range [-0.1, 0.1], a regular vibration state 
from w =0.0188 to w =0.02015, a stable operation state when w  is equal to zero, a quasi-periodic 
vibration state for values of w  lying in the interval [-0.037, 0.042], and a non-tunable state for 
values of w  far higher than zero. In comparison with Fig. 4(a), Fig. 4(b) shows a different dynamic 
evolution process of the generator speed w  when kd changes from 0 to 6. Specifically, the 
differences between the two approaches can be summarized by five observations: 
First, for the deterministic approach of Eq. (1), the key point (named point 1) at which the 
generator speed w  evolves from the non-tunable state to the random vibration state is located at 
kd=-5.583. Differently, point 1 is located at kd=0.5 for the probabilistic approach of Eq. (11). 
Second, the critical point (named point 2) at which w  passes from the random vibration state 
to the stable operating state, moves from kd=-1.25 to kd=1.875 according to the adoption of the 
deterministic or the probabilistic approach respectively. The distance between point 1 and point 2 
reveals that the adjustable range of kd associated with the random vibration state is significantly 
tighter for the probabilistic case. In other words, minor changes of the value of kd may result in the 
transition of the probabilistic model from the random vibration state to the non-tunable state. This 
transition could result in major accidents and then could have disastrous effects on the facility and 
its surroundings. Third, the deterministic model presents a stable state, and the corresponding 
adjustable range of kd is [0.1667, 3.75]. Differently, the probabilistic model presents no stable state. 
Fourth, considering the deterministic model operating in the regular vibration state, the change 
rate of the generator speed is very large, while the change rate becomes quite low when the random 
system operates in the regular vibration state. 
Fifth, with regard to the quasi periodic vibration state, the range of kd results [4.167, 4.5] for the 
deterministic model and [2.563, 4.663] for the probabilistic approach. 
To sum up, the results obtained with the probabilistic model do not show any stable operating 
state of the hydraulic-mechanical-electric system affected by the random fluctuation of the generator 
speed. Moreover, in comparison with the deterministic analysis, the adjustable range of kd associated 
with the random vibration state is narrower, while it appears significantly wider in the right region of 
the domain, associated with the quasi periodic vibration state. 
3.3 Definition of kd in function of random intensity D 
 This section is dedicated to the study of the effects of the intensity D on the adjustable range of 
the differential gain kd. Furthermore, the relation between this latter and increasing value of D is 
established mathematically. Fig. 5 shows the dynamic evolution of the generator speed computed 
with the probabilistic model of Eq.(11) for different levels of the intensity D and values of kd within 
the range [0, 6]. 
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(c) D=0.54  D=0.88(d)  
Fig. 5 Dynamic evolution of the generator speed w  for the probabilistic model of Eq. (11) with 
different levels of intensity D and kd varying from 0 to 6. (a) D=0.06; (b) D=0.18; (c) D=0.54; (d) 
D=0.88; 
 The results show that, with increasing level of the intensity D, the range of kd which 
corresponds to the random vibration state on the left of point 2, does not change, as well as the 
operating state of the hydro-turbine generator system on the right of point 2. Conversely, the region 
of the kd domain corresponding to the random vibration state and the non-tunable state shifts 
progressively to the right along with the increase of the intensity D. This implies that the range of kd 
corresponding to the regular vibration state decreases gradually with the growth of D. When the 
value of D increases to 0.40, the point 2 coincides with the key point for which the system evolves 
from the regular vibration state to the quasi periodic vibration state. Note that, under these 
conditions, the range of the quasi periodic vibration state expands suddenly and the systems evolves 
progressively from the non-tunable state to the random vibration state and hence to the quasi 
periodic vibration state along the kd  domain. Under these circumstances, the severity of the system 
vibrations cannot be significantly decreased, regardless the entity of the adjustment applied to the 
value of kd. Further, increasing the intensity D, the system shows only two possible states: the 
random vibrations state and the non-tunable state. Tab. 2 presents the state of the system for different 
values of intensity D and different ranges of kd. 
Tab. 2 Change laws of point 2 and operating ranges with increasing level of the random intensity D 
D 
dk  
State Range State Range State range 
0.01 Random vibration (0.4236, 0.8056) Regular vibration (1,875, 2.563) Quasi periodic vibration (2.563, 4.663) 
0.06 Random vibration (0.4999, 0.8819) Regular vibration (1.951, 2.563) Quasi periodic vibration (2.563, 4.663) 
0.12 Random vibration (0.5763, 0.9583) Regular vibration (2.028, 2.563) Quasi periodic vibration (2.563, 4.663) 
0.18 Random vibration (0.691, 1.073) Regular vibration (2.181, 2.563) Quasi periodic vibration (2.563, 4.663) 
0.24 Random vibration (0.806, 1.188) Regular vibration (2.257, 2.563) Quasi periodic vibration (2.563, 4.663) 
0.30 Random vibration (0.958, 1.340) Regular vibration (2.333,2.563) Quasi periodic vibration (2.563, 4.663) 
0.36 Random vibration (1.111, 1.493) Regular vibration (2.466, 2.563) Quasi periodic vibration (2.563, 4.663) 
0.42 Random vibration (1.264, 1.646) Regular vibration —— Quasi periodic vibration (1.646, 4.663) 
0.48 Random vibration (1.455, 1.837) Regular vibration —— Quasi periodic vibration (1.837, 4.663) 
0.54 Random vibration (1.646, 2.028) Regular vibration —— Quasi periodic vibration (2.028,4.663) 
0.60 Random vibration (1.799, 2.181) Regular vibration —— Quasi periodic vibration (2.181, 4.663) 
0.72 Random vibration (2.142, 2.524) Regular vibration —— Quasi periodic vibration (2.524, 4.633) 
0.88 Random vibration (2.792, 3.174) Regular vibration —— Quasi periodic vibration (3.174, 4.633) 
 The results of the analysis carried out show that intensity D affects only the value of point 2. 
Moreover, this latter shifts to the right with increasing level of the intensity D, and for this reason 
the intensity D seems to have an impact on the stability of the system. 
3.4 Comparison of the grid water hammer and elastic water hammer models 
 Technically, the penstock wall of hydropower stations is elastic. As far as the length of the 
penstock is less than 600 m, its shape change almost has no effect on water hammer. Thus, grid 
water hammer models are widely used in modeling the dynamic characteristics of small and medium 
hydropower stations. In this section, a comparison of the operating range between the grid water 
hammer and elastic water hammer models is proposed.  
 Subsituting the grid water hammer model with the elastic water hammer model in Eq. (1), then 
the hydraulic-mechanical-electric system can be rewritten as: 
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Fig. 6 shows the dynamic evolution of the generator speed w  for the probabilistic model of Eq. 
(11), obtained by adopting the Chebyshev polynomial approximation method and computed for 
different values of the intensity D and kd varying from 0 to 6. The trend associated with point 3, 
namely the value of kd for which the generator speed w  pass from the non-tunable to the vibration 
state, is shown in Tab. 3. 
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Fig. 6 Dynamic evolution of the generator speed w  for the probabilistic model in Eq. (15) with 
different values of the random intensity D and kd varying from -8 to 8. (a) D=0.06; (b) D=0.16; (c) 
D=0.36; (d) D=0.52; 
Tab. 3 Location of point 3 according to increasing values of the random intensity D 
D 0.04 0.06 0.08 0.12 0.16 0.20 0.24 0.28 0.32 0.36 0.40 
Point3 -5.854 -5.646 -5.542 -5.021 -4.604 -3.979 -3.25 -2.521 -1.479 -0.2292 0.083 
 As shown in Fig. 6 and Tab. 3, increasing levels of the intensity D cause the region of the 
domain associated with the non-tunable state shifting to the right, while the operating state on the 
right of point 3 remains unchanged. As expected, the trend registered for the probabilistic model in 
Eq. (15), considering the rigid water hammer model, matches perfectly the results obtained for the 
previous probabilistic model of Eq. (11). 
In addition to this, as shown in Fig. 5(a) and Fig. 6(a), it can be noticed that when the system 
operates in the regular vibration state, the amplitude of the fluctuations for the probabilistic model of 
Eq. (11) varies in the range of [0.0188, 0.02015], and the adjustable range of kd is [1.951, 2.563]. 
Regardless of the shape changes of the penstock wall, the amplitude of the fluctuations for the 
probabilistic model in Eq. (15) varies in the range [0.01754, 0.02281], which is similar to the 
previous case. Conversely, the adjustable range of kd, which is [0.083, 4.458], results much larger 
than that associated with the previous probabilistic model. Moreover, when the hydro-turbine 
generator unit operates in the quasi periodic vibration state, although the amplitude of the 
fluctuations associated with the model of Eq. (11) is similar to that of the model of Eq. (15), the 
range of kd is much larger than that associated with the latter probabilistic model.  
4. Conclusions 
 In this study, a random variable u is integrated with the generator speed of the deterministic 
model of a hydraulic-mechanical-electric system to establish the corresponding probabilistic model. 
Using this latter, the dynamic evolution of the system is analyzed, and three main conclusions can be 
achieved. First, although the dynamic evolution of the random system is broadly similar to that of 
the deterministic approach, the two sets of results show significant differences, carefully 
investigated in the paper. Second, the point 3, which highlights the transition from the not-tunable 
state to the random vibration state, shifts to the right with increasing values of the random intensity 
D, which leads to the decreasing adjustable range of kd. Third, the consistence of the trends 
highlighted by the probabilistic model implemented in this paper is compared and verified through 
the use of another model. Moreover, when the shape of the penstock is assumed not uniform, the 
adjustable range of kd is narrowed from left to right and the operating state of the system becomes 
less stable. At light of the obtained results and of the rapid development of wind power, it is 
recommendable to select values of the differential gain kd of the PID governor as large as possible. 
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